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INTRODUCTION 
 
As military projectiles become more sophisticated, they are becoming increasingly dependent 

upon electronic devices such as those for sensing and navigation.   However, the inclusion of 
electronic components within a projectile, which is basically a metal cylinder, introduces a variety of 
electromagnetic effects that need to be accounted for. These effects include induced eddy currents 
and changes in magnetic flux due to the motion of the projectile.  Electromagnetic multi-physics 
software can be very helpful in understanding these effects, but a background knowledge of 
electromagnetism is necessary to be able to discern how to set up the analyses and how to evaluate 
the results and determine whether the results are reasonable.  A steady-state analysis was 
conducted using multi-physics software to better understand the electromagnetic properties inside a 
rotating conducting cylinder within a magnetic field.  Then, to substantiate the analysis outcomes, the 
results were corroborated through multiple methods.  

 
Induced (eddy) current is generated within a conductor when the conductor moves relative to 

a stationary magnetic field, such as the magnetic field of earth.  The eddy current produces a counter 
magnetic field and a counter current which tends to cancel the magnetic field within the conductor 
and also alter the magnetic field outside the conductor.  A secondary eddy current and counter 
magnetic field is induced within the conductor resulting from the changed magnetic field outside the 
conductor. The entire sequence continues until a steady-state condition is reached. The entire 
process results in reducing the total magnetic flux within the conductor as described in Lenz’s law: 
The induced (eddy) current produces the magnetic field which tends to oppose the change in 
magnetic flux that induces such currents, so the total magnetic flux is reduced.  Due to the opposing 
eddy current induced by the changing magnetic field from the alternating current, the skin effect 
occurs. The skin effect is the tendency of high frequency current and magnetic flux to concentrate 
near the outer edge, or surface, of a conductor instead of flowing uniformly over the entire cross-
sectional area of the conductor, and then to decay toward the center. The higher the frequency, the 
more pronounced is the skin effect. 

 
Theoretical Background 
 

This eddy current behavior can be analyzed by using Maxwell-Ampѐre’s law. The magnetic 

flux density, �̅� within the conducting material can be solved using Ampѐre’s equation (refs. 1 to 3), 
which can be reduced to Bullard’s equation as shown in the following steps:  
Ampѐre’s equation: 

𝜎
𝜕�̅�

𝜕𝑡
+ ∇ × (

 �̅�

𝜇
) − 𝜎�̅� × �̅� = 𝐽�̅�       

  

: Conductivity, Siemens/meter (S/m) 

 𝐴 ̅: Magnetic vector potential, Weber/meter (Wb/m) 

 �̅�: Magnetic flux density, Tesla (T) 

 �̅�: Velocity, meter/second (m/s)  

            : Angular velocity, radian/second (rad/s) 

 0: Permeability of free space, 4 x 10-7 Henry/meter (H/m)  

 r: Relative Permeability of the medium 

 : Permeability of the medium,  = 0 x r (H/m) 
 𝐽�̅�: External current density, Ampere/meter (A/m) 
 
 
 

(1) 
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 If there is no external current density, 
 
 

𝐽�̅� = 0       
 
 Then, performing a curl operation on Ampѐre’s equation gives, 

  

𝜎
𝜕(∇ × �̅�)

𝜕𝑡
+ ∇ × ∇ × (

�̅�

𝜇
) − ∇ × (𝜎�̅� × �̅�) = 0       

  
Maxwell’s equation shows the relationship between the magnetic flux density and magnetic 

vector potential, 

�̅� = ∇ × 𝐴 ̅        
 
 And the vector operator identity is, 

 

∇ × ∇ × �̅� = ⌊∇(∇ ∙ �̅�) − ∇2�̅�⌋ = −∇2�̅�        
 

 Plugging in equations 4 and 5 into equation 3, reduces equation 3 to Bullard’s equation, 

 

−
∇2�̅�

𝜇𝜎
= ∇ × (�̅� × �̅�) −

𝜕�̅�

𝜕𝑡
        

 
 Since the motion is steady,  

 

𝜕�̅�

𝜕𝑡
= 0        

           Bullard’s equation 6 reduces to,  

 

−
∇2�̅�

𝜇𝜎
= ∇ × (�̅� × �̅�)        

 
Bullard’s equation shows that the magnetic flux density is a function of velocity, conductivity, 

and permeability, �̅� = �̅�(�̅� , 𝜎, 𝜇).  A closed-form solution, based on Bullard’s equation in the steady 
state condition (eq. 8), was calculated by two researchers to determine the effects of the magnetic 
field inside and outside a rotating solid conducting cylinder  immersed in a uniform transverse 
magnetic field by varying the angular velocities and the magnetic permeability of the cylinder (ref. 4).  
Similar studies were conducted by various authors using the analytical method (refs. 5 and 6) and 
finite element modeling techniques (refs. 7 and 8). A paper previously written by the authors 
examined these studies and discussed the transient electromagnetic analyses performed to evaluate 
the electromagnetic effects inside a rotating conducting cylinder (ref. 9). The transient analysis was 
performed using the electromagnetic field simulation software, ANSYS Maxwell. In contrast to that 
paper on a transient analysis, the primary analyses being discussed here were conducted in a 
steady-state condition.  The steady state analysis was conducted using COMSOL. Once a transient 
analysis reaches equilibrium, the response should match the steady-state response. If one is 
interested in the momentary, dynamic response caused by a change of state, then a transient 
analysis is necessary. Otherwise, a steady-state analysis is adequate and significantly more time 
efficient. 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 
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  The finite element package of COMSOL Multiphysics was used to expand the analytical 
closed-form analysis performed by Michael P. Perry and Thomas B. Jones (ref. 4).  Two-dimensional 
(2D) finite element steady state analyses of an infinitely long cylinder were modeled.  An ambient 
homogeneous magnetic flux density of 1.0E-5 Tesla was used as input for the analyses.   The 
behavior of the eddy current interaction between the cylinder and the magnetic field excitation was 
studied in the steady state condition.  The magnitude and the phase angle of the magnetic field 
vector at the center of the cylinder’s axis of rotation were also evaluated.  The analyses were done in 
three stages. At each stage, the results of the steady-state analyses were also compared to the 
transient analyses previously performed and presented by the authors (ref. 9). The stages were as 
follows: 

 
1) Verify the finite element method by duplicating the analytical analysis on a cylinder 

performed by Michael P. Perry and Thomas B. Jones (ref. 4).  
 

2) Compare the phase angles of the magnetic flux density at the center of the cylinder 
for three different conductive materials at various angular velocities in terms of 
rotational frequencies [3600, 7200, 10800, and 14400 revolutions per minute (rpm)]. 

 
3) Conduct a parametric study by varying the relative permeability and the rotational 

frequencies of the cylinder for a conductive material.  

 
 

THE FINITE ELEMENT MODEL 

 
 The cylinder and magnetic poles are assumed to be infinitely long with uniform cross 
sections.  The external magnetic field is transverse to the cylinder and there is no induced B 
(magnetic flux density) in the direction normal to the plane of the cross section. The field patterns in 
the entire device can be analyzed by modeling the field patterns in its cross section.  Therefore, a 2D 
finite element model was used for the analysis.  
 

Figure 1 shows the two magnetic poles used to generate a constant magnetic field for the 
cylinder at the center location, the boundary conditions, and the external magnetic field excitation.  
The tangential components of the magnetic potential are zero at the boundary, n x A = 0, (n = normal 
vector).  The two magnetic poles generate a constant magnetic field of 1.0E-5 Tesla, specified as 

remanent flux density, �̅�r.  The deformed geometry with the fixed mesh (that retains its original 
shape as defined by the geometry and original mesh) and prescribed mesh displacement constraint 
(dx=dy=0) for the entire geometries was modeled (ref. 1).  
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Figure 1 
Parts, boundary conditions, and magnetic field excitation 

 
In stage one of the analyses, the analytical analysis results of Perry and Jones (ref. 4) were 

duplicated using the finite element method with the same boundary conditions (relative permeability 
and rotating speeds).  In stage two, three different material properties were used for the cylinder to 
study the effects of the electromagnetic properties of the cylinder. Table 1 summarizes the material 
properties used for the vacuum and for the three materials used for the cylinder in the analysis.  In 
stage three of the analyses, the effects of permeability and rotating speeds of the cylinder on the 
magnetic field responses of the cylinder were studied.  The cylinder was spun in a clockwise rotation 
with a rotational frequency starting from 3600 rpm and increasing to 14400 rpm, in 3600 rpm 
increments.   

 
Table 1 

Material properties 
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ANALYSIS RESULTS 
 
 The purpose of this study was to determine the effects on the magnetic field inside a cylinder 
immersed in a uniform transverse magnetic field by varying the rotational frequency, electrical 
conductivity, and magnetic permeability of the cylinder.  The magnitude and the phase angle of the 
magnetic flux density vector at the center of the cylinder were investigated.  

 
Verification of Finite Element Method  
 

  In order to verify the finite element method, stationary analyses were performed to duplicate 
the closed-form solutions conducted by Michael P. Perry and Thomas B. Jones (ref. 4).  The 
magnetic field inside and outside the cylinder were evaluated based on the following assumptions 
and summarized in table 2: 
 

 The cylinder motion is steady, 𝜕�̅� 𝜕𝑡⁄ = 0 

 The relative permeability of the cylinder(r): 1 and 1000 

 The conductivity of the cylinder(): 3.774E7 S/m (Aluminum) 

 Radius of  the cylinder(R): 0.0127 meter 

 Magnetic Reynolds number(𝑅𝑚),  (refs. 3 and 4) : 5 and 25 

 

𝑅𝑚 =   𝑅2 ⁄       
    

 Angular velocity(): (rad/s) 

 

 = 𝑅2 𝑅𝑚𝜇𝜎⁄           
 
 

Table 2 
Boundary condition – relative permeability and rotational frequency  

(calculated based on Rm) 
 

 
 

The finite element analysis results indicated that the plots of the magnetic flux lines on the cylinder 
closely matched that of the closed-form solution for all the cases as shown in figures 2 and 3.  These 
results also closely matched the transient analysis, once steady-state condition was reached, as 
previously performed by the authors (ref. 9.) 

 

(9) 

(10) 
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Figure 2 
Resulting magnetic flux lines for the cylinder of relative permeability 1.0 

 

 

 
 

Figure 3 
Resulting magnetic flux lines for the cylinder of relative permeability 1000 

 

 

 



UNCLASSIFIED 
 

 

 
Approved for public release; distribution is unlimited.  

UNCLASSIFIED 
7 

Parametrical Study – Electrical Conductivity  

 
 Three different conductive materials (structural steel, aluminum, and copper) were chosen to 
study the effects of the electromagnetic properties of the cylinder. These three materials have the 
same values for permeability and permittivity except they have different electrical conductivities as 
shown in the table 1.  Steady-state analyses were performed to determine the effect of conductivity 
on the magnitude and the phase angle of the magnetic flux density vector at the center of the 
cylinder and the magnetic field distribution inside the cylinder. The cylinder was spun in a clockwise 
rotation in a range of 3600 to 14400 rpm, in 3600 rpm increments.   
 

The magnetic flux density (�̅�) is a vector.  It has two components for a 2D system. The two 

components are in the x and y directions (�̅� = 𝐵𝑥
̅̅ ̅ + 𝐵𝑦

̅̅ ̅).  The magnitude (Bnorm) of the magnetic flux 

density and phase angle (𝜃) can be calculated as follows and illustrated in figure 4.  
 

𝐵𝑛𝑜𝑟𝑚 = √𝐵𝑥
2 + 𝐵𝑦

2              

 
 

        𝜃 = 𝑎𝑡𝑎𝑛2(𝐵𝑦 , 𝐵𝑥)                 

 

 
 

Figure 4 
Phase angle and position of the magnetic flux density vector 

 
Because in this analysis the cylinder is rotated in a clockwise direction, the phase angle will also 
rotate in a clockwise direction, starting from quadrant 4.  As is shown in figure 4, when the phase 
angle increases from quadrant 3 to quadrant 2, the phase angle becomes positive since it is 
calculated from the shortest route from the positive x axis. 
 

Tables 3 through 5 summarize the magnitude, phase angle, and position, in terms of 
coordinate quadrant, of the magnetic flux density vector at the center of the cylinder at various 
rotational frequencies for all three conductive cylinder materials. Comparisons of the magnetic field 
responses on the structural steel, aluminum, and copper cylinder at various rotational frequencies 
are shown in table 6. Of the three materials analyzed, the magnitude of the magnetic flux density 

(11) 

(12) 
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vector at the center of the copper cylinder decreased the most while exhibiting the largest phase 
angles. This is because, of the three materials, copper has the highest conductivity.  

 
Table 3 

Magnitude and phase angle of the magnetic flux density vector  
at center of structural steel cylinder 

 

 
 

Table 4 
Magnitude and phase angle of the magnetic flux density vector  

at center of aluminum cylinder 
 

 
 

 
Table 5 

Magnitude and phase angle of the magnetic flux density vector 
 at center of copper cylinder 
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Table 6 
Comparison of the magnetic field responses on the outside and center of the 

cylinders at various rotational frequencies  
 

 
 

Figures 5 to 7 show the magnetic flux density distributions and flux lines for all three 
conductive materials, respectively.  The maximum magnetic flux density responses have a tendency 
to concentrate at the outer surface of the cylinder with the highest magnitude in the copper cylinder, 
which has the highest conductivity.  The effect increases with rotational frequency. These analyses 
were also a close match to the transient analysis when the motion has reached the steady-state 
condition. 

 

 
 

Figure 5 
Magnetic flux density distribution and flux lines for structural steel cylinder case 

 

 
 

Figure 6 
Magnetic flux density distribution and flux lines for aluminum cylinder case 
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Figure 7 
Magnetic flux density distribution and flux lines for copper cylinder case 

 
The analyses results are summarized as follows: 
 

 An increase in conductivity reduces the total magnetic field inside the cylinder as 
described in Lenz’s law.  

 An increase in conductivity draws the magnetic field toward to the outer surface of the 
cylinder due to the skin effect.  

 An increase in conductivity decreases the magnitude of the magnetic flux density vector 
at the center of the cylinder due to the skin effect.  

 An increase in conductivity increases the phase angle of the magnetic flux density vector 
at the center of the cylinder (in this analysis, increasing in a clockwise rotation from 
quadrant 4).  

 The effects on the magnetic field responses inside the cylinder due to eddy currents and 
skin effect are more pronounced when there is a higher rotational frequency.  

 
Parametric Study – Magnetic Permeability   

 
 The aluminum cylinder was chosen for this study.  A parametric study was conducted by 
varying the relative permeability (from one to six, in increments of one) of the cylinder and spinning it 
in a clockwise rotation in a range of rotational frequencies, from 3600 to 14400 rpm, in 3600 rpm 
increments.  Figures 8 to 10 show the resulting plots of magnetic flux density and flux lines with 
varying relative permeabilities and rotational frequencies.  Tables 7 to 9 summarize the magnitude 
and phase angle at the surface and at the center of the cylinder.    
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Figure 8 
Resulting magnetic flux lines for the cylinder of relative permeability equals 1 and 2 

 

 
 

Figure 9 
Resulting magnetic flux lines for the cylinder of relative permeability equals  3 and 4 
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Figure 10 
Resulting magnetic flux lines for the cylinder of relative permeability equals 5 and 6 

 
Table 7 

Magnitude and phase angle at the surface and the center of the cylinder for 
relative permeability 1 and 2 

 

 
 

Table 8 
Magnitude and phase angle at the surface and the center of the cylinder for 

relative permeability 3 and 4  
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Table 9 
Magnitude and phase angle at the surface and the center of the cylinder for 

relative permeability 5 and 6  
 

 
 

 
The analyses results are summarized as follows: 
 

 An increase in permeability reduces the total magnetic field inside the cylinder as 
described in Lenz’s law.  

 An increase in permeability increases the magnetic field on the outer surface of the 
cylinder due to the skin effect.  

 An increase in permeability decreases the magnitude of the magnetic flux density vector 
at the center of the cylinder due to the skin effect. 

 An increase in relative permeability increases the phase angle of the magnetic flux 
density vector at the center of the cylinder (keep in mind that in this analysis, the vector 
starts in quadrant 4 and rotates in a clockwise direction.  When the position of the vector 
rotates to quadrant 2 or quadrant 1 locations, the phase angle becomes positive, so as 
the phase angle increases, the value of the angle, as calculated from the positive x-axis, 
becomes smaller).   

 The effects on the magnetic field responses inside the cylinder due to eddy currents and 
skin effect are more pronounced with higher rotational frequency.  

 

 
DISCUSSION AND CONCLUSIONS 

 
 The electromagnetic analysis of a rotating solid conducting cylinder in a magnetic field was 
evaluated by comparing the analysis results to the closed form solution and verifying the solutions by 
comparing the resulting magnetic flux lines on the cylinder.  These results also matched the steady-
state condition of the transient analysis that the authors previously performed. This correlation was 
expected since a steady-state analysis should match the results of a transient analysis, once the 
transient analysis reaches equilibrium. If one is only concerned in the equilibrium condition, a steady-
state analysis is more efficient than a transient analysis and can significantly reduce computational 
resources necessary since it is time independent.  In the next stage, a parametric study was 
performed using a finite element method solver to assess the factors that affect the magnetic field 
distribution on the cylinder by varying the magnetic material properties (conductivity and 
permeability) and angular velocity.  The magnitude and phase angle of the magnetic flux density 
vector at the center of the cylinder was investigated. 
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  Bullard’s Equation states that the magnetic flux density is proportional to conductivity, 
velocity, and permeability. The results from the parametric study show that the magnitude and phase 
angle of the magnetic field vector were affected by the angular velocity and the electromagnetic 
properties of the cylinder.  The analyses results also show the eddy currents and skin effect on the 
cylinder:     

 The eddy currents produce the magnetic flux which tends to oppose the change in 
magnetic flux that induces such currents, so the total magnetic flux is reduced.  

 The higher the conductivity, the larger the eddy currents are, and the larger the 
permeability or the higher the rotational frequency, the more pronounced is the 
magnetic flux reduction. 

 The skin effect is the tendency of high frequency current and magnetic flux to concentrate 
near the outer edge, or surface, of a conductor and then to decay toward the center. 

 The higher the rotational frequency, the larger the magnetic flux at the outer surface 
of the cylinder. 

 The higher the rotational frequency, the lower the magnetic flux at the center of the 
cylinder. 

 An increase in permeability, conductivity, and rotational frequency produces a larger 
phase angle of the magnetic flux density vector at the center of the cylinder.   
 

Finite element modeling has been shown to be capable of capturing electromagnetic effects 
caused by a spinning cylinder within a magnetic field.  As more projectiles are being developed 
containing sensitive electronic components, the ability to model and analyze the magnetic field 
generated during flight will become more critical in ensuring that the components perform 
dependably.
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